Let k be a perfect field of characteristic p > 2, and let K be a finite totally ramified extension of
that the natural map O E → A/m A is surjective and the map from A to the projective limit of its discrete artinian quotients is a topological isomorphism. If V 0 is absolutely irreducible, then there exists a universal deformation ring R ∈ C with a deformation V R which parametrizes the isomorphism classes of deformations of V 0 ( [SL97] ). Note that R is not necessarily noetherian in general when k is not finite.
In this paper, we study the geometry of the locus of potentially semi-stable representations with a specified Hodge-Tate type v and Galois type τ . We show that such a locus cuts out a closed subspace in the following sense:
Theorem A. There exists a closed ideal a v,τ ⊂ R such that the following holds: for any finite flat O E -algebra A and a continuous O E -algebra homomorphism f : R → A (where we equip A with the (p)-adic topology), the induced representation A[ When the residue field k is finite, Kisin proved the corresponding result in [Kis07, Theorem 2.7.6]. One of the main steps in [Kis07] is the construction of the projective scheme which parametrizes representations of E(u)-height ≤ r for a fixed positive integer r (cf. [Kis07, Section 1.2]). It is obtained as a closed subscheme of the affine Grassmannian for the restriction of scalars Res W (k)/Zp GL d . But this construction does not make sense in general when k is infinite. The main difficulty is that we do not know how to analyze whether the restriction of scalars Res W (k)/Zp for a non-affine scheme over W (k) is representable by an Ind-scheme when k is infinite, even for simple examples such as P 1 W (k) . Another approach to studying the locus cut out by certain p-adic Hodge theoretic conditions, motivated by Fontaine's conjecture in [Fon97] , is to analyze torsion representations given as the subquotients of Galois stable lattices satisfying the given conditions. For semistable (or crystalline) representations having Hodge-Tate weights in [0, r] , this is carried out by Liu in [Liu07] . And in the case k is finite, Liu proved the corresponding result for semi-stable representations of a given Hodge-Tate type in [Liu15] .
To study the refined structure of a Hodge-Tate type and Galois type of torsion representations, we use the functor given in [Liu12] from the category of representations semi-stable over a totally ramified Galois extension K /K to the category of lattices in filtered modules equipped with Frobenius, monodromy, and Gal(K /K)-action. In this paper, we first generalize the method in [Liu15] to the case k is not necessarily finite, and study semi-stable representations of a given Hodge-Tate type. Then, we study potentially semi-stable representations of a given Galois type and show that those p-adic Hodge-theoretic conditions are p-adically closed (cf. Theorem 3.3 and 3.17).
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Torsion Representation and Construction of M st
We keep the notations as in the introduction. Let K ⊂K be a finite totally ramified Galois extension of K. In this section, we will first explain the construction of the functor given in [Liu12] from the category of representations semi-stable over K to the category of lattices in filtered modules equipped with Frobenius, monodromy, and Gal(K /K)-action. Then, we will explain the result proved in [Liu12] and [Liu15] that one can associate a Hodge-Tate type and Galois type to a torsion representation up to some constant depending only on K .
Potentially Semi-stable Representation and Filtered (ϕ, N, Γ)-module
For a G K -representation V over Q p , we say V is potentially semi-stable if there exists a finite extension L ⊂K of K such that V restricted to G L := Gal(K/L) is semi-stable. This means precisely that dim Qp 
G L where L 0 is the maximal unramified subextension of L/K 0 .
Let e = [K : K 0 ]. We fix a uniformizer π of K , and let F (u) be the Eisenstein polynomial for π over K 0 . Denote by Rep pst,K Qp the category of G K -representations over Q p which become semi-stable over K (i.e., semi-stable as Gal(K/K )-representations). Let Γ = Gal(K /K) and G K = Gal(K/K ). Note that K 0 is equipped with the natural Frobenius endomorphism ϕ.
We consider the category of filtered (ϕ, N, Γ)-modules whose objects are finite dimensional K 0 -vector spaces D equipped with:
• K 0 -linear action by Γ on D which commutes with ϕ and N . If we extend Γ-action semi-linearly to D K , then for any γ ∈ Γ, γ(Fil
Morphisms between filtered (ϕ, N, Γ)-modules are K 0 -linear maps compatible with all structures. The functor D
and the category of weakly admissible filtered (ϕ, N, Γ)-modules (cf. [CF00] , [Fon94] ). We define an integral structure of a filtered (ϕ, N, Γ)-module.
Note that for a lattice M in a filtered (ϕ, N, Γ)-module, the associated graded O Kmodules gr 
Construction of M st
We now explain briefly the construction in [Liu12] of the functor M st in Theorem 3.3. We first recall the definitions of period rings in p-adic Hodge theory.
Let S be the p-adic completion of the divided power-envelope of S = W (k) [[u] ] with respect to the ideal (F (u)). Denote
]. Let C p be the p-adic completion ofK, and let O Cp be its ring of integers. We define O Cp := lim ← − ]. Let A cris be the p-adic completion of the divided power-envelope of W (O Cp ) with respect to ker(θ). We fix a compatible system of p n -th roots π n ∈ OK of π for non-negative integers n, and let π := (π n ) ∈ O Cp . We have an We let
where q(i) is defined by i = q(i)(p − 1) + r(i) with 0 ≤ r(i) < p − 1. We define
We have a natural map ν : 
The following lemma is proved in [Liu10] .
2.R and I + (resp. R K 0 and I + R K 0 ) are G K -stable. The G K -actions onR and I + (resp. R K 0 and I + R K 0 ) factor throughĜ. • (M, ϕ M ) is Kisin module of height r.
•Ĝ M denotes aR-semi-linearĜ-action onM which commutes with ϕM and induces a trivial action onM/I +M .
• Considering M as a ϕ(S)-submodule ofM, we have M ⊂M H K .
A morphism between two (ϕ,Ĝ)-modules M 1 , M 2 of height r is a morphism in Mod r S (ϕ) which commutes with theĜ-actions. We denote by Mod r S (ϕ,Ĝ) the category of (ϕ,Ĝ)-
The main result proved in [Liu10] is the following. 
2.T
such thatι is compatible with Frobenius maps and G K -actions on both sides. Here,
3. There exists a natural isomorphism
To construct the functor M st , we establish a connection between (ϕ,Ĝ)-modules and filtered (ϕ, N )-modules. Let V ∈ Rep pst,K ,r Qp , and let T ⊂ V be a G K -stable Z p -lattice. By Theorem 2.5, there exists a unique M ∈ Mod r S (ϕ,Ĝ) such thatT 
such that ι is compatible with Frobenius, monodromy, filtration, and G K -action on both sides. The following is proved in [Liu12] . 
Furthermore, such i is functorial.
We set
since the isomorphism i in Proposition 2.6 is functorial.
Potentially Semi-stable Torsion Representations
We now associate torsion filtered (ϕ, N, Γ)-modules to potentially semi-stable torsion representations. Denote by Rep pst,K ,r tor the category of torsion representations L semi-stable over K and of height r, in a sense that there exist lattices 
We denote by M fil,r tor (ϕ, N, Γ) the category whose objects are finite W (k)-modules M killed by some power of p and endowed with the following structures:
• W (k)-linear Γ-action on M which commutes with ϕ and N , and
gives the following exact sequence:
. By the snake lemma, we further have the following exact sequence of the associated graded modules:
Note that the above construction depends on the choice of the lift of L. However, the following theorem, which can be deduced directly from [Liu15] and [Liu12] , shows that the construction depends on lifts only up to a constant.
Theorem 2.7. There exists a constant c depending only on F (u) and r such that the following statement holds:
tor (ϕ, N, Γ) associated to f , j , and j . If there exists a morphism of liftsg :
Proof. 
be the morphism as in Theorem 2.7 associated to f −1 , j, and
. Furthermore, the similar statement holds for the induced morphisms on gr
Representation with Coefficient
Let A be a Z p -algebra, and denote by Rep 
tor,A , and let j and j be lifts in Rep 3 Hodge-Tate Type and Galois Type
Hodge-Tate Type
Let E be a finite extension of Q p , and let B be a finite E-algebra. Let V B be a free Bmodule of rank d equipped with a continuous G K -action. Suppose that as a representation of
1. Let B be a finite B-algebra, and write
where N (B) denotes the nilradical of B. B red is a reduced Artinian ring, so there exists a ring isomorphism B red ∼ = m j=1 E j for some field E j finite over E. E j ⊗ Qp K 0 is isomorphic to a finite direct product of fields, so D
is finite projective as an E j ⊗ Qp K 0 -module. Note that the Frobenius morphism on K 0 extends E j -linearly to E j ⊗ Qp K 0 , and the extended Frobenius permutes the maximal ideals of
..,r ). We say that V B has Hodge-Tate type v if Proof. It follows immediately from Lemma 3.1.
The goal of this subsection is to prove the following theorem: When k is further assumed to be finite, Theorem 3.3 is proved in [Liu15, Theorem 4.3.4]. Some arguments of the proof in [Liu15] are based on reducing to the case when E contains the Galois closure of K , and thus require k to be finite. We remove such a restriction in the following.
Since E is a finite extension of Q p , we have a ring isomorphism
→ H j where q j is the natural projection onto the j-th factor. For any E K -module M , we write
Since any finite E K -module is projective, we have gr 
Proof. This follows from the same argument as in the proof of [Liu15, Lemma 4.1.4].
Proof. This follows from the same argument as in the proof of [Liu15, Proposition 4.1.5].
The following lemma is useful when we consider an extension of the coefficient field E.
Lemma 3.6. Let H be a field, and let C be a field (possibly of an infinite degree) over H. Let H be a finite extension of H, and let R and T be finite extensions of
Proof. M is a finite projective C ⊗ H R-module, and there exists a surjection f : M ⊗ H T M of C ⊗ H R-modules having a section. Let {e 1 , . . . , e n } be a basis of
Let L be a finite extension of E, and write Proof. We have an induced injection of finite E-algebras B red → B red . By Lemma 3.5, we can reduce to the case when B and B are fields. Then it follows from Lemma 3.4 and Lemma 3.6.
As we will apply the functor M st to G K -representations semi-stable over K , we need to consider 
] for some finite field k 1 , and E/K 1 is totally ramified. Choose a uniformizer E ∈ E, and letF (u) be its Eisenstein polynomial over K 1 . Let G(u) be a monic irreducible polynomial in
For each j = 1, . . . , m, let F (u) = t j s=1 F js (u) be the decomposition of F (u) into monic irreducible polynomials in L j [u] , and choose a root js of F js (u) for each s. Then
T js where T js := L j ( js ). Thus, we have ring isomorphisms Lemma 3.9. There exists a positive integer c depending only on K 0 and F (u) such that
, and choose a root s of F s (u) for each s. We have Repeating this argument for all s = 1, . . . , w and considering all possible decompositions of F (u) into irreducible factors over some finite field over K 0 , we see that there exists a positive integer c depending only on K 0 and F (u) such that for any L finite over Proof. Let M = ⊕ t s=1 M s . By Lemma 3.9, there exist morphisms of O E,K -modules q M :
Let C be a finite flat O E -algebra, and let Λ ∈ Rep pst,K ,r C such that Λ is a finite free C-module of rank d and Λ[ ] has Hodge-Tate type v. Since O E is henselian, C ∼ = n j=1 C j where each C j is a finite flat local O E -algebra. We say C is good if for each j = 1, . . . , n, there exists a prime ideal p j ⊂ C j such that C j /p j ∼ = O F j for some finite extension
Proof. By Theorem 2.5, there exists a unique Kisin module M ∈ Mod r S (ϕ,Ĝ) such that T ∨ (M) = Λ. Write S C := C ⊗ Zp S. From the construction of the functor M st in Section 2.2, it suffices to show that M is a finite free S C -module of rank d. The Kisin module corresponding to C j ⊗ C Λ is C j ⊗ C M, so we may assume without loss of generality that n = 1 and that C is a local ring.
The Kisin module corresponding to
] is isomorphic to its pullback by ϕ and ϕ permutes the maximal ideals of
By Nakayama's lemma, we have a surjection
Suppose that C is good and that there exists an ideal J ⊂ C such that C/J ∼ = O E /p b O E for some positive integer b. For s = 1, . . . , t, we set C[ We then obtain the following right exact sequencẽ 
for some nonnegative integers a i . We haveπ 
])), and therefore det(X)z i = 0. This gives a contradiction.
Proof of Theorem 3.3. Given above results, Theorem 3.3 follows from essentially the same argument as in the proof of [Liu15, Theorem 4.3.4], except that we do not reduce to the case where E contains the Galois closure of K . We also remark that the proof of [Liu15] reduces to the case A is local. But A is not necessarily finite over O E after the reduction, which has been overlooked in [Liu15] . This is a very minor gap, and we remedy it by only reducing to the case A is good.
We first reduce to the case where A = O E and A is good. For this, let B := A ⊗ Zp Q p and B := A ⊗ Zp Q p . We have B red = B/N (B) A, A , ρ, ρ , I , and β. Note that
L to the l-th factor of i L. By Lemma 3.5 and 3.7, it suffices to show (assuming I
Let T denote the torsion representation
where I = ker(β). We denote by j and j the two lifts ρ and ρ of T respectively. Write 
. Suppose that the above equality fails for some i, and let i * be the smallest such number.
We have t 2 < t . Moreover, t 2 (resp. t ) is the smallest i such that gr
From the above result applied to χ t 1 V and χ t 1 V , we see that gr
is also nontrivial, leading to a contradiction.
By switching the roles of V and V , it follows similarly that we cannot have d i * < d i * . This completes the proof.
Galois Type
We now study the Galois types of potentially semi-stable representations. As in Section 3.1, let E be a finite field over Q p , and let B be a finite E-algebra. Let V B be a free B-module of rank d equipped with a potentially semi-stable continuous G K -action. Let
where the limit goes over finite extensions K of K contained inK. Denote by K ur 0 the union of finite unramified extensions of K 0 contained inK. We have dim
Lemma 3.13. Let B be a finite B-algebra, and write V B = B ⊗ B V B . Then V B is potentially semi-stable as a G K -representation, and
Proof. It follows from essentially the same proof as for Lemma 3.1.
is equipped with a K ur 0 -semilinear action of G K , and thus a K ur 0 -linear action of the inertia group I K . The Frobenius action commutes with the I K -action, so tr(σ|D pst (V B )) ∈ B for all σ ∈ I K .
Let D E be an E-vector space of dimension d, and let D E,K = D E ⊗ Qp K equipped with a filtration giving a Hodge-Tate type v. Fix a representation
with an open kernel. Note that there exists an I K -stable O E -lattice in D E , so tr(τ (σ)) ∈ O E for all σ ∈ I K . We say V B has Galois type τ if the I K -representation D pst (V B ) is equivalent to τ , i.e., tr(σ|D pst (V B )) = tr(τ (σ)) for all σ ∈ I K .
Let L/K be a finite Galois extension contained inK such that I L ⊂ ker(τ ). Here,
. Therefore, V B has Galois type τ if and only if V B is semi-stable over L and tr(σ|D
Lemma 3.14. Let α : B → B be an E-algebra morphism between finite E-algebras.
In particular, if V B has Galois type τ , then so does V B . If α is injective, then the converse is also true, i.e., V B has Galois type τ if and only if V B has Galois type τ .
for all σ ∈ I L/K . The remaining statements follow immediately.
Consider the case when B is local. If E is its residue field, then E is finite over E and B is naturally an E -algebra. 
The following lemmas are analogous to Lemma 3.5 and 3.7.
Lemma 3.15. V B has Galois type τ if and only if V E i has Galois type τ for each i = 1, . . . , n.
Proof. It follows directly from Lemma 3.14.
Lemma 3.16. Let E be a finite extension of E, and let B E = E ⊗ E B and V B E = B E ⊗ B V B . Then V B has Galois type τ if and only if V B E has Galois type τ .
Proof. Since the natural map of E-algebras B → B E is injective, it follows from Lemma 3.14.
The following theorem is essential in studying the locus of representations with a given Galois type.
on the Eisenstein polynomial for L/L 0 and r. For i = 1, 2, let
Since this holds for all positive integers n, we have tr(σ|M st (ρ)) = tr(τ (σ)).
Galois Deformation Ring
We now construct the quotient of the universal deformation ring which corresponds to the locus of potentially semi-stable representations of a given Hodge-Tate type and Galois type. Let E/Q p be a finite extension with residue field F. Denote by C the category of topological local O E -algebras A satisfying the following conditions:
• The map from A to the projective limit of its discrete artinian quotients is a topological isomorphism.
Note that the first condition implies F is also the residue field of A. The second condition is equivalent to the condition that A is complete and its topology can be given by a collection of open ideals a for which A/a is artinian. Morphisms in C are continuous O E -algebra homomorphism. 
We denote by Def(V 0 , A) the set of such deformations. A morphism A → A in C induces a map f * : Def(V 0 , A) → Def(V 0 , A ) sending the class of a representation V over A to the class of A ⊗ f,A V . Assume V 0 is absolutely irreducible. Then, the following is proved in [SL97] . There exists a universal deformation ring R ∈ C and a deformation V R ∈ Def(V 0 , R) such that for all rings A ∈ C, we have a bijection
given by f → f * (V R ). The ring R is noetherian if and only if
Note that if K/Q p is not finite, then R is not necessarily noetherian in general. We fix a Hodge-Tate type v and Galois type τ , and let L/K be a finite Galois extension over which τ becomes trivial. Let C 0 be the full subcategory of C consisting of artinian rings. Abusing the notation, we write V ∈ Def(V 0 , A) for a continuous A-representation Finally, we prove the main theorem. ] ⊗ f,R V R is potentially semi-stable of Hodge-Tate type v and Galois type τ if and only if f factors through the quotient R/a v,τ .
Proof. Let A 1 = f (R) ⊂ A. Then A 1 is a finite flat O E -algebra and local. We equip A 1 with the (p)-adic topology. Then A 1 ∈ C, and the map f : A → A 1 is a morphism in C. Let V A 1 = A 1 ⊗ f,R V R and V A = A ⊗ f,R V R ∼ = A ⊗ A 1 V A 1 .
Suppose that V A ⊗ Zp Q p is potentially semi-stable of Hodge-Tate type v and Galois type τ . By the main theorem for semi-stable representations in [Liu07] , V A 1 ⊗ Zp Q p is semi-stable over L. By Lemma 3.8 and 3.14, V A 1 ⊗ Zp Q p has Hodge-Tate type v and Galois type τ . Thus, V A 1 ∈ S v,τ (A 1 ), and f factors through R/a v,τ by Proposition 4.3.
Conversely, suppose f factors through R/a v,τ . Then V A 1 ∈ S v,τ (A 1 ) by Proposition 4.3, so A 1 /p n ⊗ A 1 V A 1 is potentially semi-stable of type (v, τ ) for each n ≥ 1. By the main theorem for semi-stable representations in [Liu07] , V A 1 ⊗ Zp Q p is semi-stable over L. And by Theorem 3.3 and 3.17, V A 1 ⊗ Zp Q p has Hodge-Tate type v and Galois type τ . Thus, V A ⊗ Zp Q p is potentially semi-stable of Hodge-Tate type v and Galois type τ .
